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*XDUDQWHHG5DWH *5 VHUYHUV VXFK DV :HLJKWHG )DLU 4XHXHLQJ :)4 DQG LWV
YDULDQWV KDYH EHHQ ZLGHO\ XVHG WR JLYH PDLQO\ EDQGZLGWK JXDUDQWHHV DQG
FRQVHTXHQWO\GHOD\JXDUDQWHHV IRU UHDOWLPH IORZVSURYLGHG WKDW WKHLUDUULYDOVDUH
XSSHUERXQGHG 3UREOHPVPD\ DULVH LI D EXUVW\ WUDIILFZLWK D VPDOO VHUYLFH VKDUH
QHHGVDVSHFLILF VKRUWGHOD\ ,Q IDFW WKHKLJKHU WKHVHUYLFH VKDUH LV WKH ORZHU WKH
GHOD\WKHIORZJHWV+RZHYHU:)4DQGLWVYDULDQWVDUHVKDUHGULYHQVHUYHUVDQGQR
WHPSRUDO FRQVWUDLQW LV FRQVLGHUHG LQ WKH VFKHGXOLQJ SURFHVV 7KHUHIRUH KDYLQJ LQ
PLQGWKDWUHDOWLPHVWUHDPVFRXOGWROHUDWHVRPHGHDGOLQHPLVVHVDFFRUGLQJWRWKHLU
PNILUPFRQVWUDLQWV ZHSURSRVHDQHZVFKHGXOLQJ WHFKQLTXHFDOOHG PN:)4
WKDW H[WHQGV :)4 WR DOVR FRQVLGHU PNILUP WHPSRUDO UHTXLUHPHQW $QDO\WLF
H[SUHVVLRQVXVLQJ1HWZRUN&DOFXOXVWKHRU\DUHGHULYHGWRJLYHGHWHUPLQLVWLFXSSHU
ERXQG RQ GHOD\ SURYLGHG E\ WKH PN:)4 VFKHGXOHU 7KHRUHWLFDO 5HVXOWV DQG
















5HDOWLPHDSSOLFDWLRQVDUHRIJURZLQJXVHRYHU WKH ,QWHUQHWDQGD ORWRI
ZRUN KDV EHHQ GHYHORSHG WR SURYLGH TXDOLW\ RI VHUYLFH 4R6 IRU UHDO
WLPH DSSOLFDWLRQV 0DLQ VFKHGXOLQJ DSSURDFKHV XVH *XDUDQWHHG5DWH
*5VHUYHUV VXFKDV:)4 WR UHVHUYHEDQGZLGWK IRU UHDOWLPHVWUHDPV
DQGPDNHDERXQGHGHQGWRHQGGHOD\IRUHDFKVHUYHGVWUHDP+RZHYHU




IRU WKH ORZ VKDUH EXUVW\ VWUHDP WR PHHW LWV GHDGOLQH UHTXLUHPHQW
+RZHYHUWKLVWHFKQLTXHYLRODWHVWKHWKURXJKSXWIDLUQHVVDQGPLVXVHVWKH
EDQGZLGWK UHVRXUFHV 7KLV OLPLW FRPHV IURP WKH VHOHFWLRQ FULWHULRQ LQ
:)4 VHUYHU ,Q IDFW SDFNHWV DUH VHOHFWHG LQ LQFUHDVLQJ RUGHU RI WKHLU
YLUWXDO ILQLVK WLPH >@7KLV WDJRQO\GHSHQGVRQ WKH VHUYLFH VKDUHDQG
WKHSDFNHW OHQJWKRI WKH IORZ)ORZVZLWKKLJK VHUYLFH VKDUHDUH VHUYHG
IDVWHU7KHUHIRUHZHQRWLFHWKDW:)4GRHVQ¶WWDNHLQWRDFFRXQWWHPSRUDO
FRQVWUDLQWVRIVHUYHGIORZV,QFUHDVLQJWKHVHUYLFHVKDUHWRPHHWGHDGOLQH
UHTXLUHPHQW LV QRW HIILFLHQW VLQFH LW OHDGV WR XQGHUXWLOL]H EDQGZLGWK
UHVRXUFHV
7RVPRRWKWKLVSUREOHP:DQJHWDOSURSRVHGLQ>@DWHFKQLTXHFDOOHG
3:)4 WKDW FRPELQHV IL[HGSULRULW\ DVVLJQPHQW DQG :)4 VFKHGXOLQJ
DOJRULWKP LQ RUGHU WR EHWWHUPDQDJH WKH GHOD\ ERXQGV IRU YDULRXV IORZ





WLPHV IDOO LQWR DUH FRQVLGHUHG WR KDYH D VLPLODU ILQLVK WLPH 7KH VHUYHU
VHOHFWVWKHKLJKHVWSULRULW\SDFNHWWREHVHUYHGZLWKLQWKHVOLGLQJZLQGRZ
7KLV WHFKQLTXH OHDGV WR GHFRXSOH WKH GHOD\ IURP WKH VHUYLFH VKDUH DQG
SURYLGHV EHWWHU GHOD\ JXDUDQWHHV IRU ORZ VKDUH IORZV ZLWKRXW PXFK
GHJUDGLQJWKHGHOD\RIRWKHUIORZVHVVLRQVEXWWKHFKRLFHRIWKHRSWLPDO
ZLQGRZVL]HPLJKWEHFRPSOH[
0RUHRYHU ZKHQ VHUYLQJ VHYHUDO EXUVW\ VWUHDPV WKH VHUYHU PD\ VXIIHU
IURPFRQJHVWLRQ LI WKH V\VWHPTXHXHDSSURDFKHV LWV FDSDFLW\ OLPLW7KLV
VLWXDWLRQ RFFXUV ZKHQ LQFRPLQJ EXUVWV DUH VLJQLILFDQW 3UHGLFWLYH
PHFKDQLVPV DUH XVHG WR SUHYHQW FRQJHVWLRQV OLNH IRU H[DPSOH WKH5('
DOJRULWKP >@ ZKLFK GLVFDUGV UDQGRPO\ HDFK DUULYLQJ SDFNHW ZLWK D
FHUWDLQ SUREDELOLW\ ZKHQ WKH DYHUDJH TXHXH VL]H H[FHHGV D SUHVHW
WKUHVKROG 6XFK EHKDYLRU FRXOG DIIHFW D UHDOWLPH FRQQHFWLRQ LI SDFNHW
GURSVDUHPDGHLQDGHTXDWHO\
7RDOOHYLDWHWKHVHSUREOHPVZHLQWURGXFHLQWKLVSDSHUDIDLUVFKHGXOLQJ
WHFKQLTXH IRU SURYLGLQJ PNILUP UHDOWLPH JXDUDQWHHV SURSRVHG LQ
>@ 7KH LGHD WDNHV SURILW IURP WKH WROHUDQFH RI RFFDVLRQDO GHDGOLQH
PLVVHV DFFRUGLQJ WR D PNILUP SDWWHUQ WR VHOHFWLYHO\ GLVFDUG VRPH
SDFNHWVZLWKRXWYLRODWLQJWKHRYHUDOOSHUIRUPDQFHRIWKHDSSOLFDWLRQZKHQ
WKH IORZ LV VHUYHG E\ D :)4 VFKHGXOHU +DPGDRXL DQG 5DPDQDWKDQ
PHQWLRQHG LQ >@ WKDW VRPH UHDOWLPH DSSOLFDWLRQV VXFK DV PXOWLPHGLD
IORZVDQGHPEHGGHGV\VWHPVFRXOGWROHUDWHVRPHGHDGOLQHPLVVHVLIWKH\
RFFXUUHGRFFDVLRQDOO\DQGQRWVXFFHVVLYHO\0RUHRYHU7KHVWXG\RQWKH
03(*YLGHR IORZSUHVHQWHG LQ >@ VWDWHG WKDW WKH HIIHFW RI WKHSDFNHW





QR SURSDJDWLRQ HIIHFW 7KHUHIRUH LW LVPRUH HIILFLHQW WR JXDUDQWHH WKH ,




SDFNHW WUDQVPLVVLRQ E\ UHGXFLQJ WKH TXHXHLQJ WLPH 7KLV DSSURDFK
HQKDQFHV WKH GHOD\ ERXQG E\ VPRRWKLQJ WKH EXUVWV RI VHUYHG VHVVLRQV







RI VRPH GHDGOLQHPLVVHV )RU H[DPSOH D KDUG UHDOWLPH IORZ FRXOG EH
FRQVLGHUHGDVPNILUPIORZZKHQP N
7KH PRWLYDWLRQ RI WKLV ZRUN LV WR LQWHJUDWH WKH WHPSRUDO FRQVWUDLQWV
QDPHO\ PNILUP UHTXLUHPHQWV LQ WKH*5 VHUYHUV WR SURYLGHQRW RQO\
EDQGZLGWKJXDUDQWHHVEXWDOVRWRVDWLVI\WKHUHDOWLPHUHTXLUHPHQWV
7KHSURSRVHGDOJRULWKPLVDOVRD*5VHUYHUWKDWWDNHVLQWRDFFRXQWPN
ILUP FRQVWUDLQWV DFFRUGLQJ WR D SUHGHILQHG SDWWHUQ :H SURSRVH DQ
H[WHQVLRQ RQ :)4 SDFNHW VHOHFWLRQ IXQFWLRQ WR PHHW WKH PNILUP
UHTXLUHPHQW RI HDFK VHUYHG VWUHDP +RZHYHU PNILUP FRQVWUDLQW
ZKLFK UHSUHVHQWV D GHDGOLQHGULYHQ SDUDPHWHU DQG :)4 VFKHGXOLQJ
DOJRULWKP ZKLFK UHSUHVHQWV D VKDUHGULYHQ SDUDPHWHU DUH QRW GLUHFWO\
UHODWHG7KHUHIRUHZHGHVFULEHWKURXJKWKLVSDSHUKRZWRLQWHJUDWHPN
ILUPFRQVWUDLQWVLQWR*5VHUYHUWRLPSURYHGHOD\JXDUDQWHHV





7KH UHVW RI WKLV SDSHU LV RUJDQL]HG DV IROORZV  6HFWLRQ  JLYHV DQ
RYHUYLHZRIWKHPNILUPFRQFHSW7KHSURSRVHGPN:)4DOJRULWKP
LVSUHVHQWHGLQVHFWLRQ6HFWLRQLQWURGXFHVWKHPNILOWHULQJFRQFHSW
WR DGDSW 1HWZRUN &DOFXOXV IUDPHZRUN WR WKH XVH RI PNILUP
FRQVWUDLQWVDQGSUHVHQWVWKHDQDO\WLFGHOD\HYDOXDWLRQ6LPXODWLRQVWXG\
DQG UHVXOWV DUH GHHSO\ GLVFXVVHG LQ VHFWLRQ  6HFWLRQ  FRQFOXGHV WKH
SDSHU
 2YHUYLHZRIPN)LUP*XDUDQWHHV
7KLV VHFWLRQ H[SODLQV KRZ WKH PNILUP WLPLQJ FRQVWUDLQW FRXOG EH
XVHIXOIRUDUHDOWLPHVWUHDPWRH[SUHVVLWVGHDGOLQHPLVVSURILOH
$ VWUHDP LV VDLG WR KDYH PNILUP UHTXLUHPHQW LI DW OHDVW P  SDFNHWV















NLGHQRWHVWKHLWKHOHPHQWRIWKHNSDWWHUQIRU L Nd d 
8VLQJ NSDWWHUQV WKH VWUHDP¶V SDFNHWV DUH GLYLGHG LQWR RSWLRQDO DQG
PDQGDWRU\ SDUWV 7R VDWLVI\ WKH PNILUP FRQVWUDLQW RI D IORZ LW LV
VXIILFLHQW WKDW DOO PDQGDWRU\ SDFNHWV PHHW WKHLU GHDGOLQHV 2SWLRQDO





NSDWWHUQV µ02200¶ µ00202¶ « RI OHQJWK  DQG KDYLQJ H[DFWO\ 
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Q N 0N  Q «
ZKHUHPRGLVPRGXOXVRSHUDWRUUHPDLQGHUDIWHUGLYLVLRQ
7KLVWHFKQLTXHPD\EHXVHGLQGLIIHUHQWFRQWH[WV,Q>@WKHFODVVLILFDWLRQ
LQWR PDQGDWRU\ DQG RSWLRQDO SDUWV KDV EHHQ XVHG WR HQKDQFH WKH 5DWH
0RQRWRQLFVFKHGXOLQJSURFHVV$OVRLQPXOWLPHGLDWKLVFRQFHSWFRXOGEH
DSSOLHGWRVHOHFWPDQGDWRU\IUDPHVIURPDJURXSRISLFWXUH*23XVLQJ
WKH03(* FRPSUHVVLRQ VWDQGDUG )RU LQVWDQFH LI D VWUHDP KDV D *23
VWUXFWXUH ,%%3%%3% LW FRXOG EH FRQVLGHUHG DV D ILUP IORZ DQG
DVVLJQHG D NSDWWHUQ VXFK 
 
02202202N   7KLV IDFW VD\V WKDW DOO %
IUDPHVDUHFRQVLGHUHGDVRSWLRQDO6FKHGXOHUVKRXOGWDNHPRUHFDUHRI,
DQG3IUDPHVVLQFHWKH\DUHPDQGDWRU\





DSSOLFDWLRQLQLWLDWHG 7KLV LV VLPSO\ D ZD\ DPRQJ VHYHUDO WR FODVVLI\
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ZKHUH NL) LVWKHYLUWXDOILQLVKWLPHRINWKSDFNHWRIVWUHDP L6   9 W LVWKH
YLUWXDOWLPHZKHQNWKSDFNHWDUULYHVDQG NL/ LVWKHNWKSDFNHWVL]H
7KH VWDQGDUG:)4 VFKHGXOHU VHOHFWV WKH SDFNHW ZLWK WKH ORZHVW ILQLVK
WDJ7KLVWDJGRHVQRWFRQVLGHUDQ\WHPSRUDOFRQVWUDLQW ,WRQO\GHSHQGV
RQWKHVKDULQJIDFWRUDQGWKHSDFNHWOHQJWK
+RZHYHU RXU SURSRVHG VROXWLRQ FDOOHG PN:)4 XVHV PNILUP
FRQVWUDLQWV E\ WDNLQJ LQWR DFFRXQW SDFNHW FODVVLILFDWLRQ DVRSWLRQDO DQG











WDJV 7KH )LQLVK 7DJ DV VKRZQ E\ HTXDWLRQ  DQG 3ULRULW\ WDJ
VSHFLI\LQJ LI WKHSDFNHW LV2SWLRQDORU0DQGDWRU\ DFFRUGLQJ WR WKHSUH
GHILQHGNSDWWHUQRIWKHVHUYHGIORZFIHTXDWLRQ2QFHWKHDUULYHG
SDFNHWLVWDJJHGLWLVTXHXHGZDLWLQJIRULWVVHUYLFH,WLVDOVRSRVVLEOHLI























































7KH VHUYLFH SURFHVV LV DFWLYDWHG ZKHQHYHU WKHUH LV DW OHDVW D SDFNHW
ZDLWLQJ LQ WKHEXIIHU)LUVW WKHVFKHGXOHUVHOHFWV WKHSDFNHWZLWK ORZHVW
)LQLVK 7DJ DPRQJ RQO\ PDQGDWRU\ SDFNHWV IURP WKH KHDG RI DFWLYH
TXHXHV,IQRPDQGDWRU\SDFNHWLVDYDLODEOHWKHVHOHFWLRQLVPDGHDPRQJ
RSWLRQDO RQHV ,I WKH VHOHFWHG SDFNHW LV PDQGDWRU\ LW LV LPPHGLDWHO\
WUDQVPLWWHG +RZHYHU IRU DQ RSWLRQDO SDFNHW WKH VFKHGXOHU SUHGLFWV
ZKHWKHU WKH VHOHFWHG SDFNHW ZRXOG PHHW RU PLVV LWV UHTXLUHG GHDGOLQH
DIWHU EHLQJ VHUYHG ,Q WKH FDVH RI GHDGOLQH PHHW WKH SDFNHW LV VHUYHG
RWKHUZLVHLWLVGLVFDUGHGDQGDQRWKHUSDFNHWZRXOGEHVHOHFWHG
+HQFH WKH JDLQ RI PN:)4 LV WKDW LW DOPRVW SHUIRUPV WKH VDPH
EDQGZLGWKJXDUDQWHHDV:)4GRHV)XUWKHUPRUH WKHIRUPHUUHGXFHV WKH
GHOD\ZKHQ XVLQJ PNILUP WHPSRUDO FRQVWUDLQWV E\ GURSSLQJ RSWLRQDO
SDFNHWV7KLVIDFWLVLQWHUHVWLQJLQRYHUORDGFRQGLWLRQPDQDJHPHQWVLQFH




LPSRUWDQW GXH WR WKH VKDUS HIIHFW RQ WKH LQFRPLQJEXUVW7KHUHIRUH WKH
EHQHILW RI WKH PNILUP JXDUDQWHH LV WR VPRRWK WKLV XQZDQWHG HIIHFW
ZKHQWKHVHUYHULVORDGHG
$ SDUWLFOH DGYDQWDJH RI WKLV VFKHGXOLQJ DOJRULWKP LV LWV VLPSOLFLW\ DQG
DOVR LW GRHV QRW LQWURGXFH KHDY\ FRPSXWDWLRQ RYHUKHDGV VR WKDW LWV
LPSOHPHQWDWLRQ UHPDLQV IHDVLEOH DQG HDV\ WR SHUIRUP 0RUHRYHU WKLV





PN:)4 VFKHGXOHU XVLQJ 1HWZRUN &DOFXOXV )RUPDOLVP )RU WKLV
SXUSRVH ZH LQWURGXFH WKH FRQFHSW RI PNILOWHULQJ WR DGDSW 1HWZRUN
&DOFXOXVWRWKHXVHRIPNILUPFRQVWUDLQWV
PN)LOWHULQJ7KHRU\
$VVXPH WKDWZH KDYH D IORZZLWK FXPXODWLYH DUULYDO IXQFWLRQ5W WKDW
KDV D PNILUP GHDGOLQH UHTXLUHPHQW /HW N EH WKH NSDWWHUQ RI WKLV
IORZDVH[SODLQHGLQVHFWLRQ
'HILQLWLRQPN)LOWHUGHYLFH
:H GHILQH DQ PNILOWHU DV D GHYLFH WKDW IRU DQ DUULYDO IXQFWLRQ5W
PDNHVWKHRXWSXW i 5 W ZKHUHRQO\PDQGDWRU\SDFNHWVRIWKHFRUUHVSRQGLQJ
IORZDUHVHQWDFFRUGLQJWRLWVNSDWWHUQ2SWLRQDOSDFNHWVDUHGLVFDUGHG
,Q WKLV SDUDJUDSKZHDVVXPH WKDW HDFK IORZKDV D FRQVWDQW SDFNHW VL]H
GHQRWHGE\/7KH FDVHRI YDULDEOH SDFNHW VL]H LV SUHVHQWHG LQ WKHQH[W
SDUDJUDSK
1RWHWKDW  5 W GHQRWHVWKHLQSXWLQWHUPVRIQXPEHURISDFNHWV7RKDYH
WKHQXPEHURIELWVZHMXVWQHHG WRPXOWLSO\ WKLVTXDQWLW\E\ WKHSDFNHW
VL]H/
$W RQFH LI P N  WKH RXWSXW LV H[DFWO\ HTXDO WR WKH LQSXW )RU P N 
j 5 W LVWKHFXPXODWLYHQXPEHURIPDQGDWRU\SDFNHWVZLWKLQWKHLQWHUYDO
Wª º¬ ¼ 




5W DNSDWWHUQN DQG FURVVHVDQ PNILOWHU j 5 W LV WKHRXWSXWRI WKH
PNILOWHULIDQGRQO\LI
i      5 W5 W P 5 WN« »« »¬ ¼  3 
ZLWK
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         L N L 0 L LN N N d d    LI WKHQ HOVH 
7KHSURRILVGHWDLOHGLQ$SSHQGL[
&DVHRI9DULDEOH3DFNHW6L]H
)RU D YDULDEOH SDFNHW VL]H IORZ WKDW FURVVHV DQ PNILOWHUGHILQLWLRQ
UHPDLQVYDOLG+RZHYHU7KHRUHPLVQRORQJHUDSSURSULDWHLQWKLVFDVH
DVPHQWLRQHGHDUOLHUVLQFHWKHQXPEHURISDFNHWVWKDWFURVVHVWKHPN
ILOWHU GRHVQRW UHIOHFW WKHQXPEHU RIPDQGDWRU\ELWV EHFDXVH WKHSDFNHW
VL]HLVYDULDEOH
:H SURSRVH WR XVH WKH IOXLG PRGHO WR GHULYH WKH QXPEHU RI ELWV WKDW
FURVVHVDPNILOWHUIRUDIORZZLWKDYDULDEOHSDFNHWVL]H
1RWH WKDW  5 W GHQRWHV WKH LQSXW LQ WHUPV RI QXPEHU RI ELWV )RU WKLV
PRGHOZHGHQRWHE\ WQ WKHDUULYDO WLPHRI WKH ILUVWELWRI WKHQWKSDFNHW
ZLWKOHQJWK Q/   1 W GHQRWHVWKHQXPEHURISDFNHWVIXOO\UHFHLYHGXSWR
WLPHW  1 W LVWKHQXPEHURIUHFHLYHGSDFNHWZKLFKLQFOXGHWKHFXUUHQW
























7KHRUHP  JLYHV WKH DUULYDO FXUYH DW WKH RXWSXW RI D PNILOWHU IRU D
YDULDEOHSDFNHWVL]HIOXLGPRGHO
7KHRUHP
&RQVLGHU D IORZZLWK D FXPXODWLYH DUULYDO IXQFWLRQ5W DNSDWWHUQN
DQGFURVVHVDPNILOWHU i 5 W LVWKHRXWSXWRIWKHPNILOWHULIDQGRQO\
LI










§ ·¨ ¸ /  ¨ ¸¨ ¸© ¹
¦ 






W Q N /N

 
/  ¦ 
7KHSURRILVGHWDLOHGLQ$SSHQGL[
$SSOLFDWLRQWRD/HDN\%XFNHW6KDSHG6WUHDP
/HW XV FRQVLGHU D FRQVWDQWSDFNHW VL]H VWUHDP ZLWK FXPXODWLYH DUULYDO
IXQFWLRQ  5 W  VKDSHG ZLWK D OHDN\ EXFNHW FRQWUROOHU ZLWK V  LV WKH












&RQVLGHU D FRQVWDQW SDFNHW VL]H VWUHDP 6 ZLWK DUULYDO IXQFWLRQ 5W
XSSHU FRQVWUDLQHG E\ WKH DUULYDO FXUYH   W WD V U   DQG FURVVHV D
PNILOWHUGHYLFH7KHRXWSXWSURGXFHGE\WKHPNILOWHULVERXQGHG

















DQG  ^    `N N QNW W W W W7  ZKHUHWQNLVQNWKSDFNHWDUULYDOWLPH
:HFDOOWKLVFXUYHDVWKHPLQLPDODUULYDOFXUYHRIWKHVWUHDP
)RUWKHSURRIUHIHUWR$SSHQGL[
)LJXUHVKRZVDQH[DPSOHRIVWUHDPZLWKFRQVWDQWSDFNHWVL]H /  DQG
DSHULRG 3  DIIHFWHGZLWKDMLWWHUXQLIRUPO\GLVWULEXWHGLQ>@
$FFRUGLQJWR>@WKHVWUHDPLVFRQVWUDLQHGE\WKHDUULYDOFXUYHZLWKD
PD[LPXPEXUVWVL]H V  DQGDQDYHUDJHORQJWHUPUDWH U  KLJKHVW
FXUYH
,I WKH VWUHDP FURVVHV D ILOWHULQJ GHYLFH WKH DUULYDO FXUYH RI
PDQGDWRU\SDFNHWVLVUHGXFHGWRDPD[LPXPEXUVWVL]H j V  DQGDQ
DYHUDJHUDWH j U  ,QWKLVH[DPSOHWKHNSDWWHUQLV ^ `02200N  DV
LWFRXOGEHREVHUYHGIURPWKHILJXUH
:HKDYHLQWURGXFHGXSWRWKLVVHFWLRQWKHEDVLFEDFNJURXQGWRGHDOZLWK
WKH XSSHU ERXQG RQ WKH GHOD\ JXDUDQWHHG E\ D PN:)4 VFKHGXOLQJ





IORZ VHUYHG E\ D PN:)4 QRGH DQG ERXQGHG E\ WKH DUULYDO FXUYH



























7R FRPSXWH WKH GHOD\ ERXQG RI D VWUHDP VHUYHG E\ D PN:)4
VFKHGXOHU ZH QHHG WR HVWLPDWH WKH DUULYDO FXUYH RI WKH HIIHFWLYH IORZ
WUDQVPLWWHGE\WKHVHUYHU7KLVFXUYHLQFOXGHVDOOPDQGDWRU\SDFNHWVDQG
WKHPD[LPXPQXPEHURIRSWLRQDOSDFNHWVWUDQVPLWWHGE\WKHVFKHGXOHU
/HW XV FRQVLGHU D IORZ 6 ZLWK FXPXODWLYH DUULYDO IXQFWLRQ5W  XSSHU
FRQVWUDLQHGE\WKHDUULYDOFXUYH  W WD V U   
)LJXUHVKRZVWKHWZRH[WUHPHFXUYHVWKDWERXQGWKLVWUDIILF7KHXSSHU
FXUYH LQFOXGHVDOOSDFNHWVRI WKH LQFRPLQJIORZ7KHORZHUFXUYH LV WKH
ORZHVWSRVVLEOHDQGLQFOXGHVRQO\PDQGDWRU\SDFNHWVRIWKHVWUHDP7KH
HIIHFWLYH LQSXW GHQRWHG  5 W  VHUYHG E\ WKH :)4 VFKHGXOHU KDV DQ
DUULYDO FXUYH    W WD V U    ORFDWHG EHWZHHQ WKHVH WZR H[WUHPH
HQYHORSHV
$WILUVWZHQRWLFHWKDWLIWKHPN:)4VFKHGXOHULVFRQILJXUHGWRVHUYH
























U    
+RZHYHU WKHUHDOV\VWHPGRHVQRWGLVFDUGDOORSWLRQDOSDFNHWV)RU WKLV
SXUSRVHZHPXVWHVWLPDWHWKHERXQGRQWKHQXPEHURIRSWLRQDOSDFNHWV
WKDW WKH PN:)4 VFKHGXOHU ZRXOG WUDQVPLW )URP GHILQLWLRQ DQ
RSWLRQDOSDFNHWLVGURSSHGZKHQHYHULWPLVVHVLWVGHDGOLQHZKHQLWZRXOG
EH VHUYHG 'HQRWH E\ G  WKH UHTXLUHG GHDGOLQH *LYHQ WKDW U  LV WKH
JXDUDQWHHGUDWHWKHQWKHPD[LPXPEXUVWVL]HEWKDWVDWLVILHVWKLVGHOD\LV
GHILQHGDV
E G U   









7KHPDQGDWRU\SDUWRI5W LV WKHRXWSXWRI WKH PNILOWHUDQGGHQRWHG

  5 W 7KHRSWLRQDOSDUWRI5WLVREWDLQHGZKHQWKHIORZFURVVHVWKHN
PNILOWHUDFFRUGLQJWRWKHUHYHUVHNSDWWHUQRIWKHVWUHDP7KHRXWSXWLV
GHQRWHG E\  5 W  )LQDOO\ WR JHW WKH PD[LPXP QXPEHU RI RSWLRQDO
SDFNHWV WUDQVPLWWHG E\ WKH VFKHGXOHU QRW GURSSHG WKH IORZ  5 W  LV
VKDSHGE\D   N P EN U
  OHDN\EXFNHWFRQWUROOHU WRVHOHFWRQO\RSWLRQDO
SDFNHWVZKRVHGHDGOLQHVDUHORZHUWKDQ EU 
7KHQ
x    P P5 W N NV U§ ·¨ ¸© ¹ 
x   N P N P5 W N NV U§ ·¨ ¸© ¹
 
 
x    N P N P5 W EN N U§ ·¨ ¸© ¹
 
 
DQGWKHRXWSXWRIWKHPXOWLSOH[HU  5 W GHILQHGDV
 5 W     5 W   5 W 
UHSUHVHQWVWKHHIIHFWLYHWUDIILFVHUYHGE\WKH:)4VHUYHUDQGLVERXQGHG
E\WKHDUULYDOFXUYH
  P N P5 W EN NV U
§ ·¨ ¸© ¹
 
7KH'HOD\%RXQG
6D\LQJ WKDW D IORZZLWK DQ DUULYDO FXUYH  W WD V U    LV VHUYHG E\ D
PN:)4 VFKHGXOHU LV HTXLYDOHQW WR VD\ WKDW WKH HIIHFWLYH IORZ
















U   
 PD[
PD[
/P N P E' N N &
V
U U
      
7KH ILUVW VXPPDQG LQGLFDWHV WKH PD[LPXP PDQGDWRU\ EXUVW VL]H 7KH
VHFRQG RQH UHSUHVHQWV WKH DPRXQW RI PD[LPXP EXUVW VL]H RI VHUYHG
RSWLRQDO SDFNHWV 7KH ODVW VXPPDQG UHSUHVHQWV WKH VHUYHU ODWHQF\ IURP
WKH*36IOXLGPRGHO
2Q WKH RWKHU KDQG WKH GHOD\ ERXQG JXDUDQWHHG E\ WKH VWDQGDUG:)4
VFKHGXOLQJDOJRULWKPLV>@
PD[
PD[ :)4 /' &
V
U  
:H REVHUYH WKDW WKH GHOD\ ERXQG JXDUDQWHHG E\ WKH PN:)4
DOJRULWKPLVORZHUWKDQWKDWSURYLGHGE\VWDQGDUG:)4VLQFHWKHILOWHUHG
EXUVWVL]H V LVORZHUWKDQWKHRULJLQDOEXUVWVL]HV 
0RUHRYHUWKHEXUVWVL]HRIWKHVHUYHGRSWLRQDOSDFNHWVFRXOGEHDGMXVWHG
WRPDNHJXDUDQWHHGGHOD\ERXQGIRUPDQGDWRU\UHDOWLPHSDFNHWV6RLI














7KHPLQLPXPXSSHU ERXQGRQGHOD\ WKDW FRXOGEH JXUDQDWHHG IRU UHDO
WLPHPDQGDWRU\SDFNHWV LVREWDLQHG IRU E  ZKLFKFRUUHVSRQGV WRGURS
DOOLQFRPLQJRSWLRQDOSDFNHWV
$V D UHVXOW LW FDQ EH REVHUYHG WKDW XVLQJ PN:)4 VFKHGXOLQJ
DOJRULWKP LV YHU\ HIILFLHQW WR VPRRWK WKH HIIHFW RI EXUVW\ WUDIILF DQG WR
JXDUDQWHH ORZHU GHOD\ ERXQG ZLWK UHVSHFW WR LWV PNILUP FRQVWUDLQW
ZLWKRXWYLRODWLQJWKHWKURXJKSXWIDLUQHVV+HQFHPN:)4VFKHGXOLQJ




E\ PN:)4 VFKHGXOHU IRU D YDULDEOH SDFNHWVL]H VWUHDP +RZHYHU
WKHUHPXVWEHDJRRGNQRZOHGJHRQWKHSDFNHWVL]HYDULDWLRQ+HQFHWKH
H[WHQVLRQLVSRVVLEOHLIWKHSDFNHWVL]HYDULDWLRQLVF\FOLFRULIWKHDPRXQW
RIPDQGDWRU\ELWVLVNQRZQ:HDVVXPHWKDWWKHUHH[LVWV P NO WKHUDWLRRI
PDQGDWRU\ ELWV LQ WKHZLQGRZRI N FRQVHFXWLYH SDFNHWV )RU D FRQVWDQW
SDFNHWVL]H P N PNO  







7KHUHIRUHOHW P NO EHWKHUDWLRRIPDQGDWRU\SDFNHWVLQWRWKHZLQGRZRIN
FRQVHFXWLYHSDFNHWVDFFRUGLQJWRLWVNSDWWHUQ
(TXDWLRQLVDOVRDSSOLFDEOHLQWKLVFDVHZKHUH P NO UHSUHVHQWVWKHUDWLR
RIPDQGDWRU\ELWVRIWKHIORZDQG N P NO  LVWKHSURSRUWLRQRIWKHRSWLRQDO
SDUW7KHGHOD\ERXQGLV
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7KH QHWZRUN FRQWDLQV WZR UHDOWLPH VRXUFHV 9RLFH DQG 9LGHR DQG D
EHVWHIIRUWRQH)737KHVHVWUHDPVVKDUHD0ESVOLQNDFFRUGLQJWR
WKHLUEDQGZLGWKUHTXLUHPHQWVDQGDUHVHUYHGE\D*5VHUYHU:HDVVXPH
WKDW DOO SDFNHWV KDYH WKH VDPH VL]H RI .% .%\WH 7KLV H[DPSOH LV
YHU\VLPLODUWRWKDWXVHGLQ>@WRHYDOXDWHWKHSHUIRUPDQFHRI3:)4
7DEOH6LPXODWLRQ3DUDPHWHU
 PN 5DWH 7UDIILF0RGHO NSDWWHUQ 5HTXLUHG'HDGOLQH
9RLFH  NEV 212))PV 00200 PV
9LGHR  0EV 3VHXGR3HULRGLFa0EV 02002 PVPV
)73  0EV 3VHXGR3HULRGLFa0EV 2 ,QI
9RLFHVWUHDPLVPRGHOHGDV212))VRXUFH >@6SHFLILFDOO\21DQG
2)) WLPHV DUH H[SRQHQWLDOO\ GLVWULEXWHG ZLWK  21 PVP   DQG
 PV2))P   7KH SDFNHW JHQHUDWLRQ SHULRG LV  PV 7KHQ WKH
DYHUDJHUHTXLUHGEDQGZLGWKLV.ESV7KHUHTXLUHGGHOD\LVPVZLWK





7KH %HVW(IIRUW WUDIILF LV DQ DJJUHJDWH )73 WUDIILF WKDW FRQVXPHV WKH
UHPDLQHGEDQGZLGWKDWDQDYHUDJHUDWHRI0ESV7KHUHLVQRUHDO
WLPH FRQVWUDLQW IRU )73 WUDIILF VR DOO )73 SDFNHWV DUH FRQVLGHUHG DV
RSWLRQDOZLWK ILUPJXDUDQWHH+RZHYHU:HFRQILJXUH PN:)4
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 PN:)4 :)4 ),)2 PN),)2
9RLFH    
9LGHR    








$V H[SHFWHG WKH PN:)4 SURYLGHV VKRUWHU GHOD\ ERXQG WKDQ WKDW
JXDUDQWHHG E\ :)4 IRU HDFK VWUHDP ,Q IDFW WKH )73 DSSOLFDWLRQ LV
JUHHG\DQGKDVWKHKLJKHVWVHUYLFHVKDUHDOWKRXJKLWKDVQRFULWLFDOUHDO
WLPH FRQVWUDLQW 6WDQGDUG :)4 VHUYHU FRXOG QRW GLIIHUHQWLDWH EHWZHHQ
VWUHDPVRQO\DFFRUGLQJWRWKHLU)LQLVK7DJ)RUWKDWUHDVRQYRLFHVHVVLRQ
ZKLFK KDV WKH ORZHVW VHUYLFH VKDUH DQG WKH ELJJHVW EXUVW VL]H VXIIHUV
IURPDQLPSRUWDQWH[SHULHQFHGGHOD\ERXQG
+RZHYHUPN:)4E\XVLQJWKHLQIRUPDWLRQRIWKHWLPLQJFRQVWUDLQWV
GHDGOLQHV DQG PNILUP UHTXLUHPHQWV UHGXFHV FRQVLGHUDEO\ WKH
PHDVXUHGGHOD\IRUUHDOWLPHVWUHDPV,QWKLVH[DPSOHVLQFH)73WUDIILF
KDVQRUHDOWLPHFRQVWUDLQWDOORILWVSDFNHWVDUHFRQVLGHUHGDVRSWLRQDOE\





DOO WKH VWUHDP DV WKHUH LV QR VHUYLFH GLIIHUHQWLDWLRQ $V WKH GHOD\
UHTXLUHPHQWRIYRLFHSDFNHW LVKLJKHU WKDQ PN),)2GHOD\ERXQGDOO
YRLFHSDFNHWVDUHVXFFHVVIXOO\WUDQVPLWWHGZKHUHDVRIYLGHRSDFNHWV
DUH ORVW GXH WR GURSSLQJ RSWLRQDO SDFNHWV +RZHYHU 7KH EHKDYLRU RI










 PN:)4 :)4 ),)2 PN),)2
9RLFH    
9LGHR    
)73    
,QWKLVVFHQDULRWKHPN),)2GHOD\ERXQGLVDERXWPV6LPXODWLRQ
UHVXOWV VKRZV WKDW  RI YRLFH VWUHDP SDFNHWV KDYH PLVVHG WKHLU
GHDGOLQHVZKLFKLVQRWDFFHSWDEOHVLQFHWKHPDQGDWRU\SDFNHWUDWLRLV
ZKHUHDVDOOYLGHRSDFNHWVKDYHEHHQVXFFHVVIXOO\WUDQVPLWWHG6RWKHUHLV
QR D SHUIORZ GHOD\ JXDUDQWHH ZLWK PN),)2 DOWKRXJK WKHUH LV D
QRWLFHDEOHGHOD\UHGXFWLRQFRPSDUHGWR),)2TXHXH
2Q WKH RWKHU VLGH PN:)4 SURYLGHV VKRUWHU GHOD\ ERXQG IRU YRLFH
VWUHDP WKDQ WKH ILUVW VFHQDULRDQGKLJKHUGHOD\ERXQG IRU YLGHR VWUHDP
EXWUHPDLQVORZHUWKDQWKHUHTXHVWHGGHDGOLQH7KLVUHVXOWLVOLQNHGWRWKH
GURSUDWLR7DEOHSUHVHQWVWKHGURSUDWLRVLQWKHFDVHRIPN:)4DQG
WKH GHDGOLQHPLVV UDWLR LQ WKH FDVH RI PN),)2 IRU YRLFH DQG YLGHR







 HU6FHQDULR qPH6FHQDULR HU6FHQDULR qPH6FHQDULR
9RLFH    






+RZHYHU WKH LPSURYHPHQWVHHQRQWKHYRLFHGHOD\ERXQGLVGXHWR WKH
LQFUHDVH RI WKH GURS UDWLR IURP  WR  EXW WKH ILUP




FDVH IRU WKH RWKHU VFKHGXOLQJ WHFKQLTXHV 7KXV DV VKRZQ DQDO\WLFDOO\











)URP WKLV VFHQDULR DVVXPH WKDW WKH VHUYLFHSURYLGHU XVHV IDLU TXHXHLQJ
VFKHGXOHU WR PDNH JXDUDQWHHG VHUYLFH ZLWKRXW WDNLQJ LQWR DFFRXQW WKH
PNILUP WHPSRUDO FRQVWUDLQWV DQG DVVXPH WKDW WKH UHTXLUHG 4R6 IRU
YRLFHVWUHDPFRQVLVWVLQDVKRUWGHOD\QRPRUHWKDQPV)URPUHVXOWV
LQ WDEOH  RI :)4 VFKHGXOHU LW LV QRW VXIILFLHQW WKDW WKH 63 JLYHV D
VHUYLFHVKDUHSURSRUWLRQDOWRWKHDYHUDJHUDWHRIWKHVWUHDPLHNESV
DOWKRXJKLWLVWKHDFWXDOQHHGRIWKHYRLFHDSSOLFDWLRQ+HQFHWKH6HUYLFH






6HFRQGO\ WKLVVROXWLRQOHDGV WRPLVXVH WKHEDQGZLGWKUHVRXUFHVDQGWKH
OLQN PD\ QRW EH HIILFLHQWO\ XWLOL]HG ZKLFK UHVXOWV LQ WKH DGPLVVLRQ RI
IHZHUQXPEHURIVWUHDPV,QIDFWVLPXODWLRQVKRZVWKDWIRUWKHNESV
YRLFH WUDIILF WKH VHUYLFH VKDUH VKRXOG EH  NESV WR PDNH JXDUDQWHHG
GHOD\ORZHUWKDQPVZLWKDDGGLWLRQDOEDQGZLGWK7KLVVROXWLRQ
ZKLFK FRQVLVWV LQ GHFUHDVLQJ WKH VHUYLFH VKDUH RI )73 WUDIILF OHDGV WR
YLRODWH WKH QRUPDO VKDUH RI WKLV IORZ7KURXJKSXW IDLUQHVV LV QR ORQJHU
VDWLVILHG
+RZHYHUWKLVSUREOHPFDQEHUHVROYHGE\LQWHJUDWLQJPNILUPWLPLQJ
FRQVWUDLQWV WRPDNH ERWK EDQGZLGWK DQG GHOD\ JXDUDQWHHV 7KH VHUYLFH
SURYLGHU FRXOG DGMXVW WKH PD[LPXP GHDGOLQH WR GURS RSWLRQDO SDFNHW
XVLQJ HTXDWLRQ LQ RUGHU WR FRQWURO WKH JXDUDQWHHGGHOD\ IRU UHDOWLPH
SDFNHWV ZLWKRXW YLRODWLQJ WKH 4R6 RI RWKHU UHDOWLPH VWUHDPV DQG







,Q WKLVSDSHUZHKDYHSURSRVHGDQHZ IDLU VFKHGXOLQJDOJRULWKPFDOOHG
PN:)4 WKDW HQKDQFHV IDLU TXHXHLQJ DOJRULWKP LQ WHUPV RI GHOD\
JXDUDQWHH E\ WDNLQJ DFFRXQW RI PNILUP WLPLQJ FRQVWUDLQWV )RU WKLV
SXUSRVHZH KDYH SURSRVHG DPDUNLQJ SURFHVV IRU LQFRPLQJ SDFNHWV DV
PDQGDWRU\RURSWLRQDODFFRUGLQJWRWKHLUPNILUPFRQVWUDLQWVDQGWKHLU
NSDWWHUQV $OVR ZH KDYH LQWURGXFHG WKH FRQFHSW RI PNILOWHULQJ WR
H[WHQG DQDO\WLF UHVXOWV RQ GHOD\ ERXQG XVLQJ QHWZRUN FDOFXOXV
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PN:)4 WHFKQLTXH GLVWLQJXLVKHV EHWZHHQ UHDOWLPH
IORZVDQGEHVWHIIRUWRQHV7KLVLVDYHU\LQWHUHVWLQJLVVXHDVORZVHUYLFH
VKDUH VWUHDP FRXOG KDYH ORZHU GHOD\ ERXQGZLWKRXW QHHG WR JHW ODUJHU
EDQGZLGWKUHVHUYDWLRQ
:HDUHZRUNLQJWRZDUGVWRLQWHJUDWHPNILUPFRQVWUDLQWVLQWR'LII6HUY
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PXOWLSOH[HUV IRUYRLFHDQGGDWD,(((-6HOHFW$UHDV&RPPXQYRO6$&SS
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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>@ $ $OOHQ µ3UREDELOLW\ 6WDWLVWLFV DQG 4XHXHLQJ 7KHRU\ ZLWK &RPSXWHU 6FLHQFH
$SSOLFDWLRQV¶6HFRQG(GLWLRQ$FDGHPLF3UHVV
>@ -0 %R\FH 5' *DJOLDQHOOR ³3DFNHW /RVV (IIHFWV RQ 03(* 9LGHR 6HQW 2YHU WKH
3XEOLF ,QWHUQHW´ 3URFHHGLQJV RI WKH WK $&0 ,QWHUQDWLRQDO &RQIHUHQFH RQ 0XOWLPHGLD
6HSWHPEHU
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x ,I Q LVPXOWLSOH RI N WKHQ LW H[LVWV X VXFK WKDW Q X N   ,Q WKLV
FDVH WKHUH DUHX FRQVHFXWLYH DQG VHSDUDWH VHWV RI N FRQVHFXWLYH
SDFNHWV 6LQFH RQO\ P SDFNHWV RXW RI DQ\ N SDFNHWV H[LW WKH





















   PRG  
X N
Q X N
5 W Q NN
 
3   ¦ 
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RQO\ PDQGDWRU\ SDFNHWV DFFRUGLQJ WR WKH GHILQHG NSDWWHUQ N
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¦ LV QXOO LI WKH FXUUHQW UHFHLYHG SDFNHW LV
RSWLRQDO(OVH LW LVHTXDOWR WKHQXPEHURIUHFHLYHGELWVDW WLPHW IURP
WKHFXUUHQWSDFNHW
$SSHQGL[±3URRIRI7KHRUHP
/HW XV FRQVLGHU D FRQVWDQWSDFNHW VL]H VWUHDP ZLWK FXPXODWLYH DUULYDO
IXQFWLRQ5WVKDSHGZLWKDOHDN\EXFNHWFRQWUROOHUZLWKV DVPD[LPXP
DOORZHGEXUVWDQG U DVWKHDYHUDJHORQJWHUPUDWH7KHQ
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PNILUPFRQVWUDLQWVJLYHQE\LWV
NSDWWHUQ N :KDW NLQG RI DUULYDO FXUYH ZRXOG KDYH WKH VWUHDP DIWHU
FURVVLQJDQPNILUPILOWHULVWKHSXUSRVHRIWKLVSURRI
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5 W RIWKHVWUHDPVDWLVILHV7KHRUHP6R   V W d d 
i i    ^ `          5 W 5 V5 W 5 V P 5 W 5 VN N­ ½« » « »° °® ¾« » « »¬ ¼ ¬ ¼° °¯ ¿     3 3 
:H DLP WR GHWHUPLQH DQ DUULYDO FXUYH DW WKH RXWSXW RI WKH 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ILOWHU
ZKLFK LV LQGHSHQGHQW IURP DQ\ NSDWWHUQ +RZHYHU WKH IXQFWLRQ
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LVQRQLQFUHDVLQJDQGQRQPRQRWRQLFIXQFWLRQDQGGHSHQGVRQNSDWWHUQ
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5 W :LWKWKH
QHZVDPSOLQJWLPH          V W 7 V W W VS  d d   DQG
   
 
5 W 5 W
W
N N




   
   
   
V W V W
5 W 5 V
5 W 5 V P
N N
 7 d




i i      P5 W 5 V W
N
V U d    



